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Surfaces Family With Common Smarandache Asymptotic Curve 
According To Bishop Frame In Euclidean Space 
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ABSTRACT: In this paper, we analyzed the problem of consructing a family of 
surfaces from a given some special Smarandache curves in Euclidean 3-space. Using 
the Bishop frame of the curve in Euclidean 3-space, we express the family of surfaces 
as a linear combination of the components of this frame, and derive the necessary 
and sufficient conditions for coefficents to satisfy both the asymptotic and isopara- 
metric requirements. Finally, examples are given to show the family of surfaces with 
common Smarandache asymptotic curve. 
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1. Introduction 


In differential geometry, there are many important consequences and properties 
of curves [1], [2], [3]. Researches follow labours about the curves. In the light of the 
existing studies, authors always introduce new curves. Special Smarandache curves 
are one of them. Special Smarandache curves have been investigated by some dif- 
ferential geometers [4,5,6,7,8,9,10]. This curve is defined as, a regular curve in 
Minkowski space-time, whose position vector is composed by Frenet frame vectors 
on another regular curve, is Smarandache curve [4]. A.T. Ali has introduced some 
special Smarandache curves in the Euclidean space [5]. Special Smarandache curves 
according to Bishop Frame in Euclidean 3-space have been investigated by Cetin et 
al [6]. In addition, Special Smarandache curves according to Darboux Frame in Eu- 
clidean 3-space has introduced in [7]. They found some properties of these special 
curves and calculated normal curvature, geodesic curvature and geodesic torsion 
of these curves. Also, they investigate special Smarandache curves in Minkowski 
3-space, [8]. Furthermore, they find some properties of these special curves and 
they calculate curvature and torsion of these curves. Special Smarandache curves 


2000 Mathematics Subject Classification: 53A04, 53A05 


Typeset by BP style. 
187 © Soc. Paran. de Mat. 


188 GULNUR SAFFAK ATALAY AND EMIN KaAsap 


such as -Smarandache curves according to Sabban frame in Euclidean unit sphere 
has introduced in [9]. Also, they give some characterization of Smarandache curves 
and illustrate examples of their results.On the Quaternionic Smarandache Curves 
in Euclidean 3-Space have been investigated in [10]. 

One of the most significant curve on a surface is asymptotic curve. Asymptotic 
curve on a surface has been a long-term research topic in Differential Geometry, 
[3,11,12]. A curve on a surface is called an asymptotic curve provided its velocity 
always points in an asymptotic direction, that is the direction in which the normal 
curvature is zero. Another criterion for a curve in a surface M to be asymptotic 
is that its acceleration always be tangent to M, [2].Asymptotic curves are also 
encountered in astronomy, astrophysics and CAD in architecture. 

The concept of family of surfaces having a given characteristic curve was first 
introduced by Wang et.al. [12] in Euclidean 3-space. Kasap et.al. [13] generalized 
the work of Wang by introducing new types of marching-scale functions, coefficients 
of the Frenet frame appearing in the parametric representation of surfaces. With 
the inspiration of work of Wang, Li et.al. [14] changed the characteristic curve from 
geodesic to line of curvature and defined the surface pencil with a common line of 
curvature. Recently, in [15] Bayram et.al. defined the surface pencil with a common 
asymptotic curve. They introduced three types of marching-scale functions and 
derived the necessary and sufficient conditions on them to satisfy both parametric 
and asymptotic requirements. 

Bishop frame, which is also called alternative or parallel frame of the curves, 
was introduced by L. R. Bishop in 1975 by means of parallel vector fields, [16]. 
Recently, many research papers related to this concept have been treated in the 
Euclidean space, see [17,18]. And, recently, this special frame is extended to study 
of canal and tubular surfaces, we refer to [19,20]. Bishop and Frenet—Serret frames 
have a common vector field, namely the tangent vector field of the Frenet—Serret 
frame. A practical application of Bishop frames is that they are used in the area 
of Biology and Computer Graphics. For example, it may be possible to compute 
information about the shope of sequences of DNA using a curve defined by the 
Bishop frame. The Bishop frame may also provide a new way to control virtual 
cameras in computer animatons, [21]. 

In this paper, we study the problem: given a curve (with Bishop frame), how to 
characterize those surfaces that posess this curve as a common isoasymptotic and 
Smarandache curve in Euclidean 3-space. In section 2, we give some preliminary 
information about Smarandache curves in Euclidean 3-space and define isoasymp- 
totic curve. We express surfaces as a linear combination of the Bishop frame of 
the given curve and derive necessary and sufficient conditions on marching-scale 
functions to satisfy both isoasymptotic and Smarandache requirements in Section 
3. We illustrate the method by giving some examples. 


2. Preliminaries 


The Bishop frame or parallel transport frame is an alternative approach to 
defining a moving frame that is well defined even when the curve has vanishing 
second derivative. One can express parallel transport of an orthonormal frame 
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along a curve simply by parallel transporting each component of the frame [16]. 
The tangent vector and any convenient arbitrary basis for the remainder of the 
frame are used (for details, see [17]). The Bishop frame is expressed as [16,18]. 


d T(s) 0 ki(s)  ke(s) T(s) 
| Mls) J =| mls) 0 0 Ni(s) eae 
° \ No(s) —ko(s) 0 0 N3(s) 


Here, we shall call the set {T(s), Ni(s), No(s)} as Bishop Frame and ky and kp as 
Bishop curvatures. The relation between Bishop Frame and Frenet Frame of curve 
a(s) is given as follows; 


T(s) 1 0 0 T(s) 
Ni(s) | =| 0 cos@(s) —sin@(s) N(s) (2.2) 
No(s) 0 sin@(s)  cos@(s) B(s) 


where 


_ ka(s) 
6 (s) = arctan (23) 


a 
r(s) = - 40) (2:3) 
(8) = VES) + 8) 


Here Bishop curvatures are defined by 


{ ki(s) = «(s) cos (s) (2.4) 
ka(s) = «(s) sin 8 (s) ; 

Let r be a regular curve in a surface P passing through s eP, « the curvature 
of r at s and cosO=n.N ,where N is the normal vector to r and is n normal vector 
to P at s and“ .” denotes the standard inner product. The number k, = cos @ is 
then called the normal curvature of at s [2]. 

Let s be a point in a surface P. An asymptotic direction of P at s is a direction 
of the tangent plane of P for which the normal curvature is zero. An asymptotic 
curve of P is a regular curve r C P such that for each s € r the tangent line of r at 
s is an asymptotic direction [2]. 

An isoparametric curve a(s) is a curve on a surface UV = W(s,t) is that has a 
constant s or t-parameter value. In other words, there exist a parameter or such 
that a(s) = U(s,to) or a(t) = U(so, t). 

Given a parametric curve a(s), we call a(s) an isoasymptotic of a surface W if 
it is both a asymptotic and an isoparametric curve on W. 

Let a = a(s) be a unit speed regular curve in EL? and {T(s), Ni(s), No(s)} be 
its moving Bishop frame . Smarandache TN, curves are defined by 

B = B(s") = +5 (T(s) + M(s)), 

Smarandache T'N2 curves are defined by 

B = B(s*) = 4 (T(s) + Na(s)), 

Smarandache N,Np2 curves are defined by 

B = B(s") = +5 (Ni(s) + No(s)), 

Smarandache TN, N>2 curves are defined by 

B = B(s*) = +5 (T(s) + Ni(s) + Na(s)), [5) 
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3. Surfaces with common Smarandache asymptotic curve 


Let y = y(s,v) be a parametric surface. The surface is defined by a given curve 
a = a(s) as follows: 


p(s, v) = a(s)+[x(s, v)T(s)+y(s, v)Ni(s)+2(s, v)No(s)], Li <5 < Lo,T, <v < To 

(3.1) 
where z(s,v) ,y(s,v) and z(s,v) are C! functions. The values of the marching- 
scale functions x(s,v) ,y(s,v) and z(s,v) indicate, respectively; the extension-like, 
flexion-like and retortion-like effects, by the point unit through the time v, starting 
from a(s) and {T(s), Ni(s), No(s)} is the Bishop frame associated with the curve 
a(s). 

Our goal is to find the necessary and sufficient conditions for which the some 
special Smarandache curves of the unit space curve a(s) is an parametric curve 
and an asymptotic curve on the surface y(s, v). 

Firstly, since Smarandache curve of a(s) is an parametric curve on the surface 
p(s, v), there exists a parameter vp € [T), T2] such that 


x(s,v0) = y(s, v0) = z(5,00) =0, Li<s<Lo, Ti <v<Th. (3.2) 


Secondly, according to the above definitions, the curve a(s) is an asymptotic 
curve on the surface y(s,v) if and only if the normal curvature k, = cos? = 0, 
where @ is the angle between the surface normal n(s, v9) and the principal normal 
N(s) of the curve a(s). Since n(s,v9).T(s) = 0, Li < s < Le, by derivating 
this equation with respect to the arc length parameter s, we have the equivalent 
constraint 


(5, u9).P(s) = 0 (3.3) 


for the curve a(s) to be an asymptotic curve on the surface y(s,v), where 
denotes the standard inner product. 


a ” 


Theorem 3.1. : Smarandache TN, curve of the curve a(s) is isoasymptotic on a 
surface p(s,v) if and only if the following conditions are satisfied: 


{ x(s,v0) = y(s, vo) = 2(s 
92(s,u9) = tan 6 (s) $4(s, vo). 


Proof: Let a(s) be a Smarandache TN, curve on surface y(s,v).From (3.1) , 
y(s,v), parametric surface is defined by a given Smarandache TN, curve of curve 
a(s) as follows: 


9(8,v) = s (T(s) + Ni(s)) + [2(s, v)T(s) + y(s, v)Ni(s) + 2(s, 0) Na(s)]. 


If Smarandache TN; curve is an parametric curve on this surface , then there 
exist a parameter v = vp such that , a (T(s) + Ni(s)) = ¢(s, v0) , that is, 


x(s, v0) = y(s, v0) = z(s, v0) = 0 (3.4) 
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The normal vector of y(s,v) can be written as 


Since 
The normal vector can be expressed as 


n(s,v) = eee Puls ¥) + iy (s)2(s,2)) 
_ Oy(s,v) ka(s)  Oz(s,v) 


+ ko(s)a(s,v))]T(s) 


rue ae A ds 


ee OO) 

- =F : . ¢ © Oats.) — ki(s)y(s,v) — ka(s)2(s, v))]Ni(s) 
ee — + PEG) by (5)y(s,0) — ko(s)2(s,0)) 

oe - aL + ouls.) + ky(s)x(s, v))]No(s) (3.5) 


®1(s, v0) = ae &(s, vo) = me 244 (5, v9), 
Bo(s, v9) = HE 42(s, vp) + BE 42(s, v0), (3.6) 
3(s, vo) = — ap) Bug, vo) ~ ag 82 (5, U9) 


we obtain 
n(s, vo) = ®1(s, vo)T(s) + Ba(s, vo) Ni(s) + ®3(s, v9) No(s). 
From Eqn. (2.2), we get 


n(s,v0) = 4(s,v0)T(s) + cos@ (s) ®a(s, vo) + sin @ (s) &3(s, v9)) N(s) 
+(cos 6 (s) ®3(s, v9) — sin 0 (s) ®2(s, v9))B(s). 


From the eqn. (3.2), we should have 
On a) FCs) =0 


Os 


Se O(cos Boda (s,v9) tein OC) (0,40) Ns) + (cos O(9) Ps (s,v0)— ein Os) Po (evo) 72) .T(s) =) 


<= oP (5,00) — K(s) (cos @ (s) ®2(s, vo) + sin 8 (s) ®3(s, vo)) = 0. (3.7) 
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® 
From (3.4), we have (5,00) = 0.We using Eqn. (3.6) and Eqn.(2.4) in Eqn. 
s 
(3.7), since K(s) 4 0, we get 


0z(S, v0) 
dv 


Oy(s, vo) 


= tan 0 (s) To 


(3.8 


which completes the proof. 


Combining the conditions (3.4) and (3.8), we have found the necessary and 
sufficient conditions for the y(s,v) to have the Smarandache TN, curve of the 
curve is an isoasymptotic. 


Theorem 3.2. : Smarandache TN2 curve of the curve a(s) is isoasymptotic on a 
surface y(s,v) if and only if the following conditions are satisfied: 


eee Fai v0) = 


2 (5, v9) = tand(s )§ F(a, vo). 


Proof: Let a(s) be a Smarandache TN curve on surface y(s,v).From (3.1) , 
y(s,v) parametric surface is defined by a given Smarandache T'N2 curve of curve 
a(s) as follows: 


oN rs LN) ee rea ee NE 


v2 


If Smarandache T'N2 curve is an parametric curve on this surface , then there exist 
a parameter v = vo such that , A (T(s) + No(s)) = y(s, v0) , that is, 


x(s, vo) = y(s, vo) _ z(s, vo) = 0 (3.9) 
The normal vector can be expressed as 


Oz(s,v)_ki(s)  Oy(s,v) 
ce (RE ~ ds + k1(s)a(s,v)) 


Oy(s,v) ,ke(s)  Oz(s,v) 
du (5 - ds 


n(s,v) = | 


+ ko(s)a(s,v))|T(s) 


+ [226 v) a i els. v) ‘feta 

= PER 4, A) — ha (syle, 0) — ha(o)e(6,0))1 M6) 

yeu) abe) 4 288.2) _ cy) al)to0) 
Ox(s,v) ki(s)  Oy(s,v) 


+ = + ki(s)x(s,))] No(s) (3.10) 
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Using (3.9), if we let 


®1(s,v0) = Hi8) 22(s, v0) = *2{9) 84 (5, v9), 
o(s, v9) = BH) 42(s, vo) + BE 42(s, v0), (3.41) 
B3(s,u9) = — HE SY(s, vo) — A 92(s, v9) 


we obtain 
n(s, v9) = ®1(s,v0)T(s) + ®o(s, vo) Ni(s) + ®3(s, vo) No(s). 
From Eqn. (2.2), we get 


n(s,Up) = ®1(s,v9)T(s) + cos @ (s) ®2(s, vo) + sin @ (s) ®3(s, v9)) N(s) 
+(cos @ (s) ®3(s, vo) — sin 6 (s) ®2(s, v9)) B(s). 


From the eqn. (3.2), we should have 


(6, vo).T'(s) =0 


eS O(cos Hatha is ful nin Mais st Na esata sai .T(s) -—0 


Se oP (5,00) — K(s) (cos 6 (s) ®2(s, vo) + sin 6 (s) ®3(s,v0)) = 0. (3.12) 


® 
From (3.9), we have oO (5,00) = 0.We using Eqn. (3.11) and Eqn.(2.4) in 
8 
Eqn. (3.12), since «(s) 4 0, we get 


0z(s, vo) 
du 


Oy(s, vo) 


= tan 0 (s) 7 
v 


(3.13 


which completes the proof. 


Theorem 3.3. : Smarandache N,N2 curve of the curve a(s) is isoasymptotic on 
a surface p(s,v) if and only if the following conditions are satisfied: 


x(s,v0) = y(s, vo) = 2(s, vo) = 0, 

ky (8) + ka (s) #0, 

2 (s, vo) = tan @ (s) 84 (5, U9). 
Proof: Let a(s) be a Smarandache N;N2 curve on surface y(s,v).From (3.1) , 
p(s, v) parametric surface is defined by a given Smarandache N,N» curve of curve 
a(s) as follows: 


9(8,v) = 5 (Ni(s) + No(s)) + [2(s, v)T(s) + y(s, v)Ni(s) + 2(8, v)Na(s)]- 
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If Smarandache N,N. curve is an parametric curve on this surface , then there 
exist a parameter v = vp such that , a (Ni(s) + No(s)) = y(s, vo) , that is, 

x(s, v0) = y(s, v0) = z(s, v0) = 0 (3.14) 


The normal vector can be expressed as 


sea = = 1) us v) pale etitie- ae 0) 2b v) 
Ox(s,v) ,02z(s,v) 


+h2(s):0(s, v))JP(s) +[= 2 (A + ko(s)2(s,0)) 


Oz(s,v), ki(s)+ke(s)  Oax(s,v) 
Sus ee ae 
—ka(s)2(s,0))]Ni(s) + [US 
—ky(s)y(s,v) — ko(s)2(s, 


v)) 
_ oat OUST 9 SelacaiiNe) (3.15) 


ds 
Using (3.14), if we let 


By(s, v9) = ee 92 (5, v9), (3.16) 


we obtain 
n(s, U0) = ®o(s, vo) Ni(s) + ®3(s, v9) No(s). 


From Eqn. (2.2), we get 


n(s,vo) = cos@(s) ®o(s, vo) + sin 6 (s) B3(s, v9))N(s) 
+(cos 6 (s) ®3(s, v9) — sin @ (s) ®2(s, v9))B(s). 


From the eqn. (3.2), we should have 


On aa) FCs) =0 


Os 
> 2608 8(8) n(2,09) +sin 6(9) 6a 91v0))N (9) (cos 6(2) a (#0) sin (s) #9 (8.20) BW) T(s) = Q 
= —k(s) (cos 6 (s) B2(s, v9) + sin 6 (s) &3(s, v0)) = 0. (3.17) 


We using Eqn. (3.16) and Eqn.(2.4) in Eqn. (3.17), since «(s) 4 0, we get 


ki(s) + ka(s)\ 02(s,v0) ki(s) + ka(s)\ Oy(s, vo) 
cos 6 (s) aes de = sin @ (s) eee ) a 
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For , ky (s) + ko (s) 4 0 we obtain 


0z(s, Vo) 
du 


Oy(s, vo) 


= tan 0 (s) To 


(3.18 


which completes the proof. 


Theorem 3.4. Smarandache TN, N2 curve of the curve a(s) is isoasymptotic on 
a surface p(s,v) if and only if the following conditions are satisfied: 


x(s, vo) _ y(s, Vo) _ 2(s, V0) = 0, 

ky (8) + ko (s) £0, 

2 (5, vo) = tan @ (s) 84 (5, v9). 
Proof: Let a(s) be a Smarandache TN; N2 curve on surface y(s,v).From (3.1) , 
v(s,v) parametric surface is defined by a given Smarandache TN, N2 curve of curve 
a(s) as follows: 


1 

p(s,v) = 53 (T'(s) + Ni(s) + No(s)) + [x(s, v)T(s) + y(s, v)Ni(s) + 2(s, 0) No(s). 
If Smarandache TN, N2 curve is an parametric curve on this surface , then there 
exist a parameter v = vo such that , wa (T(s) + Ni(s) + Na(s)) = v(s,v0) , that 
is, 


x(s, v0) = y(s, Vo) = z(s, v0) = 0 (3.19) 
The normal vector can be expressed as 


O0z(s,v) ki(s)  Oy(s,v) 
= (FE ae eae + ki(s)x(s, v)) 
_ Oy(s,v) (Fels) 0z(s,v) = 


dv J3 = ds 


n(s,v) = | 


+26 v) (2 v) ei aats aie a 

Oz(s,v), ki(s)+ko(s)  Ox(s,v) 
< aes + ie ki(s)y(s, v) 
—ko(s)z(s,v))|Ni(s) 
4 PA) (EA) 4 PAE) — in (s)u(o,v) ~ hals)2(s,0) 
_ Ox(s,v) -ki(s) | Oy(s,v) 


(—=] + —— + ki(s)ax(s, v))] No(s) (3.20) 


dv V3 ds 


Using (3.19), if we let 


®1(s,v0) = a % (5, v9) _ Wh) SY (s,u0), 
Da(s,00) = "4B. 42(s, vp) + (MOEBE) 2(s, v0), (3.21) 
ki 


(s) Ox (s, v9) — — 24 (5, up). 
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we obtain 
n(s, vo) = ®1(s, vo)T(s) + Ba(s, vo) Ni(s) + ®3(s, v9) No(s). 
From Eqn. (2.2), we get 


n(s,Uo) = ®4(s,v9)T(s) + cos @ (s) ®2(s, vo) + sin 6 (s) B3(s, v9))N(s) 
+(cos 6 (s) ®3(s, v9) — sin (s) ®o(s, v9)) B(s). 


From the Eqn. (3.2), we should have 


On 6) FU) =0 


Os 
Ss O(cos Hatha le tut iniy ies ne NS eee ityle tt cadets .T(s) =0 
= —K(s) (cos 6 (s) B2(s, v0) + sin 6 (s) &3(s, v0)) = 0. (3.22) 


From (3.19) , we have a (s,U9) = 0.We using Eqn. (3.21) and Eqn.(2.4) in Eqn. 


(3.22), since K(s) 4 0, we get 


ki(s) + ka(s) \ 02z(s, vo) 
cos 0 (s) (AQ eRe) aan a 


For , ky (s) + ko (s) 4 0 we obtain 


ki(s) + =()) Oy(s, v0) 


= sind (s) ( a > 


0z(8, U0) 


Oy(s, vo) 
— ee (3.23 


= tan (s) 7 
v 


which completes the proof. 


Now let us consider other types of the marching-scale functions. In the Eqn. 
(3.1) marching-scale functions x(s,v) ,y(s,v) and z(s,v) can be choosen in two 
different forms: 


1) If we choose 
x(s,v) = = ail (s)*ax(v)*, 
u(s.v) = ¥ aaxm(s)Su(v) 
2(s,v) = > azkn(s)*z(v)* 


then we can simply express the sufficient condition for which the curve a(s) is 
an Smarandache asymptotic curve on the surface y(s,v) as 


(vo) = y(vo) = 2(vo) = 9, (3.24) 
agyn(s) Zo) = tan (s) ag;m/(s) Uo) , , 
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where I(s) , m(s), n(s), x(v), y(v) and z(v) are C! functions, ajje IR, i = 
U8: FD tap: 
2) If we choose 


> 
Il 
un 


8 
as, 
Re 
= 
| 
Sb 
aS 
Mes 
a 
i= 
ae 
S 
> 
8 
— 
is 
~~" 
~ 
Me 


a 
= 
~ 
S 
= 
lI 
a 


( 


x(s,0) =h{ 


Me 
Q 
i) 
cod 
a 
— 
J) 
coe 
< 
— 
2 
we 
> 
wa 


> 
Il 
‘any 


ae 
i=) 
w 
> 
3 
— 
Ww 
es 
> 
X 
— 
[= 
ae 
cow 
SS 


k 


Il 
un 


then we can write the sufficient condition for which the curve a(s) is an Smaran- 
dache asymptotic curve on the surface y(s,v) as 


eee y(vo) = 2(v0) = f(0) = g(0) = A(0) = 0, 


a3in(s) 2&2) n/(0) = tan 4 (s) a21m(s) 2g’ (0). 


(3.25) 


where I(s) , m(s), n(s), x(v), y(v), z(v), f, g and h are C! functions. 
Also conditions for different types of marching-scale functions can be obtained 
by using the Eqn. (3.4) and (3.9). 


4. Examples of generating simple surfaces with common Smarandache 
asymptotic curve 


Example 4.1. Let a(s) = (#cos(s), —2cos(s),1—sin(s)) be a unit speed curve. 


Then it is easy to show that 
T(s) = (—4sin(s), 3 sin(s),—cos(s)), K=1, 7=0. 


5 
From Eqn.(2.3), 7 (s) = — dts) => 6(s) =c,c=constant . Here c= 4 can be 
taken. 
From Eqn. (2.4),k, = 4 kg = v3 . 
From Eqn. (2.1),Ni =— fT ,No=— fkeT 
Ni(s) = (2 cos(s), —2 cos(s), $ si 


“10 
If we take x(s,v) = 0, y(s,v) = e” — 1, 2(s,v) = V3(e” —1) ,we obtain a 
member of the surface with common curve a(s) as 
(8, v) = ( cos(s) (1 + 2(e” — 1)) ,—2 cos(s) (1 — $ (e” — 1)) ,1 — sin(s) (1 + 2(e” — 1))) 
where 0<s < 2a ,-1<vu<1 (Fig. 1). 


N2(s) = 24 cos(s), 2%3 cos(s), 4 si 
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Figure 1: y,(s,v) as a member of surfaces and curve a(s). 


If we take x(s,v) = 0, y(s,v) = e” —1, z(s,v) = V3(e” — 1)and vp = 0 then 
the Eqns.(3.4) and (3.7) are satisfied. Thus, we obtain a member of the surface 
with common Smarandache TN; asymptotic curve as 

=a5( 2sin(s)+cos(s))+% cos(s)(e’—1), 535 (sin(s) —cos(s))+35 cos(s)(e”—1), 
als sin(s) — cos(s)) + 2sin(s)(e” — 1) 
where 0< 5 < 27 ,-1<vu< 1 (Fig. 2). 
A member of the surface with common Smarandache T'N2 asymptotic curve as 
— 3552 sin(s) — V3 cos(s)) + 8 cos(s)(e” — 1), 


eatne)=( 


g3(s,v) =|  <3g(sin(s) + 2 cos(s)) +  cos(s)(e” — 1), 
(2 sin(s) — cos(s)) + 2sin(s)(e” — 1) 


where 0<s < 2a ,-1<vu<1 (Fig. 3). 
A member of the surface with common Smarandache N;N2 asymptotic curve 


as 
ea x =25 cos(s)(1+V3) + § cos(s)(e"—1), —<35 cos(s) (1+ 4) +4 cos(s)(e”—1), 
Pals, 0) = nA sin(s)(1 + V3) + 2sin(s)(e” — 1) 


where 0<s < 27 ,-1<vu<1 (Fig. 4). 
A member of the surface and its Smarandache TN, N2 asymptotic curve as 
sa(-2 sin(s) + cos(s) + V3cos(s)) + $ cos(s)(e” — 1), 
s(s,v) = —s7q (sin(s) — cos(s) + v3) + 4 cos(s)(e” — 1), 
wal- cos(s) + 4 sin(s)(1 + V3)) + 2sin(s)(e” — 1) 
where 0<s < 2a ,-1<vu<1 (Fig. 5). 
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Figure 2: ~ (s,v) as a member of surfaces and its Smarandache TN; asymptotic 
curve of a(s). 


We 
a 


Figure 3: ~3(s,v) as a member of surfaces and its Smarandache TN2 asymptotic 
curve of a(s). 
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Figure 4: y4(s,v) as a member of surfaces and its Smarandache Nj N2 asymptotic 
curve of a(s). 


Figure 5: ys(s,v) as a member of surfaces and its Smarandache T Nj N2 asymptotic 
curve of a(s). 
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